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Àííîòàöèÿ
Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ìåòîäèêè ÷èñëåíîãî ðåøåíèÿ çàäà÷è î áîëüøèõ äåôîð-
ìàöèÿõ òðåõìåðíûõ òåë èç ãèïåðóïðóãèõ ìàòåðèàëîâ ñ èñïîëüçîâàíèåì ìåðû äåôîðìàöèè
Ôèíãåðà. Äàåòñÿ êèíåìàòèêà äâèæåíèÿ ñðåäû, íàïðÿæåííîå ñîñòîÿíèå îïèñûâàåòñÿ òåí-
çîðîì èñòèííûõ íàïðÿæåíèé Êîøè. Ðàññìîòðåí ïðèìåð ïîëó÷åíèÿ ëèíåàðèçîâàííûõ ôè-
çè÷åñêèõ ñîîòíîøåíèé â íàïðÿæåíèÿõ Êîøè. ×èñëåííàÿ ðåàëèçàöèÿ îñíîâàíà íà ìåòîäå
êîíå÷íûõ ýëåìåíòîâ â ðàìêàõ èíêðåìåíòàëüíîãî ìåòîäà.
Êëþ÷åâûå ñëîâà: ãèïåðóïðóãèå ìàòåðèàëû, êîíå÷íûå äåôîðìàöèè, ìåòîä êî-
íå÷íûõ ýëåìåíòîâ, ðåçèíîïîäîáíûå ìàòåðèàëû.
1. Ââåäåíèå
Ê ãèïåðóïðóãèì ìàòåðèàëàì îòíîñÿò ðàçëè÷íûå ýëàñòîìåðû, è äðóãèå ïîäîáíûå
ïîëèìåðû, îòëè÷èòåëüíîé îñîáåííîñòüþ êîòîðûõ ÿâëÿåòñÿ òî, ÷òî îíè äîïóñêà-
þò áîëüøèå äåôîðìàöèè, ñîõðàíÿÿ ïðè ýòîì óïðóãèå ñâîéñòâà. Ñ òî÷êè çðåíèÿ
ÌÄÒÒ ðå÷ü èäåò î íåëèíåéíî óïðóãèõ òåëàõ, ïðè äåôîðìèðîâàíèè êîòîðûõ íåîá-
õîäèìî ó÷èòûâàòü ãåîìåòðè÷åñêóþ íåëèíåéíîñòü â ðàìêàõ áîëüøèõ äåôîðìàöèé.
Ïîäîáíîãî ðîäà ïðîáëåìû ðàññìàòðèâàþòñÿ âî ìíîãèõ ñòàòüÿõ è îáîáùåíû â ðÿ-
äå ìîíîãðàôèé, ñðåäè êîòîðûõ ìîæíî âûäåëèòü ðàáîòû [19]. Â íèõ ïðèâîäèòñÿ
îáøèðíàÿ áèáëèîãðàôèÿ ïî äàííîìó âîïðîñó è èçëîæåíû îñíîâíûå ïîëîæåíèÿ ïî
ïîñòðîåíèþ îïðåäåëÿþùèõ ñîîòíîøåíèé, è â äàííîé ñòàòüå ýòîò ìàòåðèàë àêòèâíî
èñïîëüçóåòñÿ. Èç ÷èñëà æóðíàëüíûõ ïóáëèêàöèé ìîæíî îòìåòèòü ñòàòüè [1019],
ïîñâÿùåííûå ãèïåðóïðóãèì ìàòåðèàëàì, â êîòîðûõ òàêæå ðàññìàòðèâàþòñÿ ðàç-
ëè÷íûå âàðèàíòû ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé äëÿ îïðåäåëåííûõ òè-
ïîâ ìàòåðèàëîâ è ïðèâîäÿòñÿ ïðèìåðû ðåøåíèÿ çàäà÷. Ìåòîäèêà, îïèñàííàÿ çäåñü,
â èäåéíîì ïëàíå áëèçêà ê ìåòîäàì, èñïîëüçîâàííûì â ðàáîòàõ [1519]. Ñîîòíîøå-
íèÿ ïðèâîäÿòñÿ â íàèáîëåå êîìïàêòíîé ôîðìå ïðÿìîãî òåíçîðíîãî èñ÷èñëåíèÿ.
Äëÿ ïîäðîáíîãî îçíàêîìëåíèÿ ñ ìåòîäàìè è òåõíîëîãèåé ðàáîòû ñ òàêîé ôîðìîé
çàïèñè ìîæíî îáðàòèòüñÿ ê ðàáîòàì [1,3, 5].
2. Êèíåìàòèêà ñðåäû
Â ãëîáàëüíîé íåïîäâèæíîé ñèñòåìå êîîðäèíàò ñ îðòàìè ~ei , ðàññìîòðèì ïîëî-
æåíèÿ èññëåäóåìîãî äåôîðìèðóåìîãî òåëà:
~r
 
 j

= x i
 
 j

~ei  ðàäèóñ-âåêòîð ìàòåðèàëüíîé ÷àñòèöû â íåäåôîðìèðîâàí-
íîì ñîñòîÿíèè;
~R
 
 j

= yi
 
 j

~ei  ðàäèóñ-âåêòîð ìàòåðèàëüíîé ÷àñòèöû â äåôîðìèðîâàííîì
ñîñòîÿíèè;
~u
 
j

= ~R
 
j
  ~r  j = ui  j~ei  âåêòîð ïåðåìåùåíèÿ;
~
 
j

=
_~R
 
j

= _yi
 
j

~ei = 
i
 
j

~ei  âåêòîð ñêîðîñòè;
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Áàçîâûì òåíçîðîì, èãðàþùèì êëþ÷åâóþ ðîëü â êèíåìàòèêå êîíå÷íûõ äåôîð-
ìàöèé, ÿâëÿåòñÿ òåíçîð ãðàäèåíòà äåôîðìàöèé:
(F ) =

~rx ~R
T
=
@yi
@xj
(~ei~ej) :
Â êà÷åñòâå òåíçîðîâ, îïèñûâàþùèõ äåôîðìàöèþ è ñêîðîñòü äåôîðìàöèè èñ-
ïîëüçóþòñÿ:
ëåâûé òåíçîð Êîøè  Ãðèíà (ìåðà äåôîðìàöèè Ôèíãåðà):
(B) = (F )  (F )T ;
òåíçîð ïðîñòðàíñòâåííîãî ãðàäèåíòà ñêîðîñòè:
(h) =

_F

  F 1 ;
òåíçîð äåôîðìàöèè ñêîðîñòè:
(d) =
1
2
h
(h) + (h)
T
i
=
1
2

_F

  F 1+  F 1T   _FT :
3. Îïðåäåëÿþùèå ñîîòíîøåíèÿ
Íàïðÿæåííîå ñîñòîÿíèå îïèñûâàåòñÿ ñ ïîìîùüþ òåíçîðà èñòèííûõ íàïðÿæåíèé
() = ij~ei~ej , îïðåäåëåííîãî â àêòóàëüíîì ñîñòîÿíèè.
Â êà÷åñòâå àðãóìåíòîâ ôóíêöèè ïîòåíöèàëüíîé ýíåðãèè äåôîðìàöèè ïðèìåì
êîìïîíåíòû òåíçîðà ìåðû äåôîðìàöèè Ôèíãåðà, ò.å. : W = W (Bij) , òàêæå ââî-
äÿòñÿ â ðàññìîòðåíèå ìåðû äåôîðìàöèè, êîòîðûå íå ñîïðîâîæäàþòñÿ èçìåíåíèåì
îáúåìà: 
B^

= J 
2
3 (B):
Çäåñü J = dV /dV0  îòíîñèòåëüíîå èçìåíåíèå îáúåìà. Èìååì:
W =W0(J) +W
0(I1 bB; I2 bB);
Òîãäà òåíçîð íàïðÿæåíèé Êîøè-Ýéëåðà áóäåò âûðàæàòüñÿ â ñëåäóþùåì âèäå:
() =
2
J
(B) 

@W
@B

:
Ñêîðîñòè èçìåíåíèÿ íàïðÿæåíèé Êîøè  Ýéëåðà:
_

= ()   (d) + (h)  () + ()  (h)T   () I1d ;
ãäå ââåäåíî îáîçíà÷åíèå
() =
4
J
(B) 

@2W
@B@B

 (B) :
Â ðåçóëüòàòå ïîëó÷àåì ôèçè÷åñêîå ñîîòíîøåíèå äëÿ ïðîèçâîäíîé Òðóñäåëëà â âèäå
ëèíåéíîãî óðàâíåíèÿ: 
Tr

=

_

  (h)  ()  ()  (h)T + I1d () = ()   (d) :
Òàêèì îáðàçîì, äëÿ ãèïåðóïðóãîãî òåëà îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ ñêîðîñòåé
èìååò âèä ëèíåéíîé çàâèñèìîñòè ïðè èñïîëüçîâàíèè îáîáùåííîé ïðîèçâîäíîé Òðó-
ñäåëëà äëÿ òåíçîðà èñòèííûõ íàïðÿæåíèé Êîøè  Ýéëåðà è òåíçîðà äåôîðìàöèè
ñêîðîñòè.
×ÈÑËÅÍÍÛÉ ÐÀÑ×ÅÒ ÁÎËÜØÈÕ ÄÅÔÎÐÌÀÖÈÉ ÒÐÅÕÌÅÐÍÛÕ ÒÅË. . . 3
4. Àëãîðèòì ðåøåíèÿ
Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé. Ñ÷èòà-
åòñÿ, ÷òî èçâåñòíî k -îå ñîñòîÿíèå, ïî êîòîðîìó íóæíî íàéòè (k + 1) -îå ñîñòîÿíèå.
Â êà÷åñòâå áàçîâîãî óðàâíåíèÿ èñïîëüçóåòñÿ óðàâíåíèå âèðòóàëüíûõ ìîùíîñòåé,
çàïèñàííîãî äëÿ (k + 1) øàãà:ZZZ
Vk+1
 
k+1
    k+1d dV = ZZZ
Vk+1
k+1 ~f  ~dV +
ZZ
Sk+1
k+1~tn  ~dS;
ãäåVk+1  òåêóùèé îáúåì; S

k+1  ÷àñòü åãî ïîâåðõíîñòè, íà êîòîðîé çàäàíû óñèëèÿ,
~f , ~tn  âåêòîðû ìàññîâûõ è ïîâåðõíîñòíûõ ñèë. Ïåðåõîäÿ ê ïðèðàùåíèÿì, ïîëó÷èì
ðàçðåøàþùåå óðàâíåíèå, èç êîòîðîãî íàéäåì âåêòîð ïåðåìåùåíèé äëÿ òåêóùåãî
øàãà
k~u = kxi~ei;
êîòîðûé îïðåäåëÿåò ñëåäóþùóþ êîíôèãóðàöèþ:
k+1 ~R = k ~R+~u:
Òîãäà íàïðÿæåííîå ñîñòîÿíèå íàõîäèòñÿ ïî ñîîòíîøåíèþ:
 
k+1

=
2
J
 
k+1B
   @W
@k+1B

:
Ðàññìîòðåí ïðèìåð ïîñòðîåíèÿ ôèçè÷åñêèõ ñîîòíîøåíèé äëÿ ìàòåðèàëà, çàäàííî-
ãî ïîòåíöèàëîì óïðóãèõ äåôîðìàöèé:
W = U1(I1 bB   3) + U2(I2 bB   3) + K2 (J   1)2;
ãäå W0(J) =
K
2 (J   1)2 , W 0(I1 bB ; I2 bB) = U1(I1 bB   3) + U2(I2 bB   3) ,
U1; U2 ïîñòîÿííûå ìàòåðèàëà.
Òåíçîð íàïðÿæåíèé Êîøè-Ýéëåðà äëÿ ýòîãî ìàòåðèàëà èìååò âèä:
() = 2U1J
  53

(B)  1
3
I1B (I)

+2U2J
  73

I1B (B)  1
3
I21B (I) 
2
3
 
B2

+K (J   1) (I)
Ëèíåàðèçóÿ ïîëó÷åííîå ñîîòíîøåíèå ïîëó÷èì âûðàæåíèå äëÿ ñêîðîñòè èçìåíåíèÿ
íàïðÿæåíèé Êîøè  Ýéëåðà:
() = ()   (d) + (h)  () + ()  (h)T   () I1d;
ãäå
() = (0) + (0) ; 0 =
4
J
(B) 

@2W 0
@B@B

; 0 =
4
J
(B) 

@2W0
@B@B

:
Òàêèì îáðàçîì, ïîëó÷åíà ñèñòåìà óðàâíåíèé äëÿ îïðåäåëåíèÿ íàïðÿæåííîãî ñî-
ñòîÿíèÿ, êîòîðàÿ ìîæåò áûòü äèñêðåòèçèðîâàíà ìåòîäîì êîíå÷íûõ ýëåìåíòîâ äëÿ
ïîëó÷åíèÿ ÷èñëåííûõ ðåøåíèé.
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Ðèñ. 1. Êîíå÷íî-ýëåìåíòíàÿ ìîäåëü ïëèòû
Ðèñ. 2. Ïîëå âåðòèêàëüíûõ ïåðåìåùåíèé ïëèòû
5. ×èñëåííûé ïðèìåð
Äëÿ ïðîâåðêè ðàáîòîñïîñîáíîñòè ìåòîäèêè áûë ðåøåí ðÿä çàäà÷, ðàññìîòðèì
îäíó èç íèõ: Çàäà÷à îá óïðóãîì äåôîðìèðîâàíèè ïëèòû ïîä äåéñòâèåì ðàâíîìåðíî-
ãî äàâëåíèÿ q = 85MPa . Âåðõíåå ðåáðî ïëèòû íå èìååò âåðòèêàëüíîãî ñìåùåíèÿ.
Ïëèòà  êâàäðàòíàÿ ñî ñòîðîíîé a=0.02 ì è òîëùèíîé h=0.01 ì. K = 2000 GPa .
Íà ðèñóíêå 1 èçîáðàæåíî íåäåôîðìèðîâàííîå ñîñòîÿíèå ïëèòû: Íà ðèñóíêàõ 2,
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Ðèñ. 3. Ïîëå êàñàòåëüíûõ íàïðÿæåíèé ïëèòû
3 èçîáðàæåíî ïîëå âåðòèêàëüíûõ ïåðåìåùåíèé è ïîëå êàñàòåëüíûõ íàïðÿæåíèé:
Òàêèì îáðàçîì, áûëà ïîñòðîåíà ìåòîäèêà ÷èñëåííîãî èññëåäîâàíèÿ ãèïåðóïðóãèõ
ñëàáîñæèìàåìûõ ìàòåðèàëîâ ñ èñïîëüçîâàíèåì ìåðû äåôîðìàöèè Ôèíãåðà, äëÿ
êîòîðûõ ôèçè÷åñêèå ñîîòíîøåíèÿ çàäàþòñÿ ñ ïîìîùüþ óïðóãîãî ïîòåíöèàëà. Ïî-
ëó÷åíû ëèíåàðèçîâàííûå îïðåäåëÿþùèå ñîîòíîøåíèÿ è ðàçðåøàþùåå óðàâíåíèå
äëÿ ïîòåíöèàëà Ìóíè  Ðèâëèíà. ×èñëåííàÿ ðåàëèçàöèÿ îñíîâàíà íà ìåòîäå êîíå÷-
íûõ ýëåìåíòîâ íà áàçå âîñüìèóçëîâîãî ïîëèëèíåéíîãî ýëåìåíòà. Ðåøåííûå çàäà÷è
äåìîíñòðèðóþò ðàáîòîñïîñîáíîñòü ïîëó÷åííîé ìåòîäèêè èññëåäîâàíèÿ íåëèíåéíî
óïðóãèõ çàäà÷.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 13-01-97058, 13-
01-97059, 12-01-00955, 12-01-97026).
Summary
L.U. Sulkanov, L.R. Fakhrutdinov. Numerical calculation of large deformations of
hyperelastic solids.
In the present paper the technique of investigation of large deformations using the Finger
strain measure is considered. The kinematics of motion of continua is given; the stress state is
described by the Cauchy tensor of the true stresses. Also there is an example of obtaining the
linearized physical ratio in the Cauchy stresses. The numerical implementation is based on the
nite element method within the framework of incremental methods.
Key words: hyperelastic materials, nite deformations, nite element analysis,
rubbery materials.)
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